	
	


	
	



A
Introduction to modelling framework
The purpose of this appendix is to provide a basic introduction to the partial equilibrium modelling framework and concepts, and their stochastic counterparts. This is achieved using simple ‘text book’ demand and supply models.

A.
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Market equilibrium

The market equilibrium is computed by maximising net social welfare (the sum of Marshallian consumer and producer surplus), as illustrated in box 
A.1. That is, the maximisation of the area under the demand function (integral of the demand function) less the total cost of supply activities (in this simple case, the area under the supply function). This maximisation problem is subject to the commodity balance constraint, whereby the quantity demanded must be less than or equal to the quantity supplied. 

The tableau in panel A (box A.1) represents the mathematical programming model that yields the solution to the market equilibrium depicted in the figure. The market equilibrium is at point b, where the quantity demanded (Qd) equals the quantity supplied (Qs), which is 75. At point b, the demand price (marginal utility given by the derivative of the area under the demand function) equals the supply price (marginal cost given by the derivative of the area under the supply function), which is 12.5. In the programming tableau in panel A, the equilibrium price is given by the value of the Lagrangean multiplier associated with the commodity balance constraint. The objective function value is consumer surplus plus producer surplus (welfare), which is 562.5.

Do not delete this return as it gives space between the box and what precedes it.
	Box A.
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A simple illustration of the core model framework
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Panel A – Programming tableau for the market model

Objective function:
Max welfare
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Panel B – Programming tableau for the policy constrained market model
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Max welfare
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Incorporating a restriction on quantity demanded

To simulate the impact of a restriction on the quantity demanded (like a water restriction), a constraint on the quantity demanded is added to the programming model. The tableau in panel B of box A.1 represents the model used to simulate the restriction on demand policy.

The quantity demanded is restricted to being less than or equal to 60. In this case, the equilibrium quantity is 60 and the price is 11 (the marginal cost of supply), as indicated at point c in the figure in box A.1. At a quantity of 60, consumers are willing to pay a price of 14. At the margin, the restriction is costing 3 (the gap between the demand price and supply price) for the restricted quantity. In the programming model, this gap is given by the value of the Lagrangean multiplier on the policy constraint used to restrict demand.

The value of the objective function (540) is welfare for the policy constrained model. The difference between the objective functions of the two models is the loss of welfare from imposing the policy, which is 22.5 and is represented by the triangle abc in the figure in box A.1.

A.
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Incorporating risk using a state-contingent approach

A simple illustration of the incorporation of the risk approach into the core programming model using a state-contingent approach is presented in box 
A.2, which is based on the market model in box 
A.1. Three states of nature are assumed to represent production or supply risk. In the first stage (before the states of nature are revealed), the market needs to decide on the quantity to supply using the expected (ex ante) supply function.

In the second stage, the states of nature are revealed. The realised (ex post) production levels may be 0.8, 1, or 1.2 times the expected level (with probabilities of 0.25, 0.5, and 0.25, respectively). The programming tableau for this two stage, three state market model is set out in box 
A.2. The shaded vertical column of numbers under the variable for quantity supplied (QS) is the representation of risk as a multi-output technology described by Quiggin and Chambers (2006).

Do not delete this return as it gives space between the box and what precedes it.
	Box A.
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State-contingent price endogenous programming model

	Objective function:

Max Expected Welfare
f1(QD1)a
f2(QD2)b
f3(QD3)c
g(QS)d
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a f1(QD1) = 0.25(20QD–0.1/2 QD12) b f2(QD2) = 0.5(20QD2–0.1/2QD22)
c f3(QD3) = 0.25(20QD3–0.1/2QD32) d g(QS) = –5QS–0.1/2QS2 


[image: image2.emf] Realised outcome stage 1

Q = 59.41, P = 14.06, Prob = 0.25

Net social welfare = 364.7

 Realised outcome stage 2

Q = 74.26, P = 12.57, Prob = 0.50

Net social welfare = 562.4

Realised outcome stage 3

Q = 89.11, P = 11.09, Prob = 0.25

Net social welfare = 738.2

Ex Ante Stage 1

E[Q] = 74.26, E[P] = 12.42

E[Net social welfare] = 556.93


A condition for optimality is that the sum over the three demand prices weighted by their probabilities and relative yields is equal to the expected (ex ante) marginal cost of supply.
That is (0.25 x 0.8 x 14.06) + (0.5 x 1 x 12.57) + (0.25 x 1.2 x 11.09) = 5 + 0.1 x 74.26.

	

	


The market equilibrium has an expected supply of 74.26. The actual ex post supply in each state of nature is 59.41, 74.26, and 89.11, which when weighted and summed gives the expected quantity. The market clearing realised prices are 14.06, 12.51, and 11.09. The equilibrium price condition is that the sum over the market clearing prices arising in the three states of nature (weighted by their probability and relative yield) is equal to the expected (ex ante) marginal cost of supply. The objective function is the expected value of welfare. Ex post, there are three realised levels of welfare. The sum of these realised outcomes, weighted by their probability, is equal to the expected value of welfare.

A.

 SEQ Heading2 4
A miniature urban water model

A miniature urban water model is presented in table A.1 as a programming tableau. It is based on the scenario tree in figure A.1.

Figure A.

 SEQ Figure \* ARABIC 1
Scenario tree for the miniature urban water model
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The scenario tree has:

· a two year time horizon (year 1 and 2)

· two contingent states of nature (states 1 and 2)

· four scenarios

· year1.state1/year2.state1
year1.state1/year2.state2
year1.state2/year2.state1
year1.state2/year2.state2

· six nodes (nodes 1 to 6).
In the variable and constraint names:

· the Yr number represents the year in the time horizon

· the N number represents the node number in the scenario tree.

For the linearised demand variables, L represents the number of the linearised segment.

Table A.1
Tableau for state-contingent modela (left-hand-side page) 
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a The lower case letters represent a category of non-zero coefficients relevant to the variable (column) in the equation (row), bounds on a variable (column), or a constraint/right-hand-side term. For bounds, a plus sign (+) represents an unbounded variable.
Table A.1
(right-hand-side page)

	QsDamYr2N3
	QsDesalYr2N3
	TermDamStorYr2N3
	DemandYr2N4L1
	DemandYr2N4L2
	QsDamYr2N4
	QsDesalYr2N4
	TermDamStorYr2N4
	DemandYr2N5L1
	DemandYr2N5L2
	QsDamYr2N5
	QsDesalYr2N5
	TermDamStorYr2N5
	DemandYr2N6L1
	DemandYr2N6L2
	QsDamYr2N6
	QsDesalYr2N6
	TermDamStorYr2N6
	RHS TYPE
	RHS TERM

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	-c
	-d
	 e
	 b
	 b
	-c
	 d
	 e
	 b
	 b
	-c
	 d
	 e
	 b
	 b
	-c
	 d
	 e
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	≤
	1

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	≤
	0

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	≤
	 h1

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	≤
	1

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	≤
	0

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	≤
	 h2

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	≤
	1

	-1
	-1
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	≤
	0

	 1
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	≤
	 h1

	
	 1
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	≤
	0

	
	
	 1
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	≤
	0

	
	
	
	 1
	 1
	
	
	
	
	
	
	
	
	
	
	
	
	
	≤
	1

	
	
	
	 g
	 g
	-1
	-1
	
	
	
	
	
	
	
	
	
	
	
	≤
	0

	
	
	
	
	
	 1
	
	
	
	
	
	
	
	
	
	
	
	
	≤
	 h2

	
	
	
	
	
	
	 1
	
	
	
	
	
	
	
	
	
	
	
	≤
	0

	
	
	
	
	
	
	
	 1
	
	
	
	
	
	
	
	
	
	
	≤
	0

	
	
	
	
	
	
	
	
	 1
	 1
	
	
	
	
	
	
	
	
	≤
	1

	
	
	
	
	
	
	
	
	 g
	 g
	-1
	-1
	
	
	
	
	
	
	≤
	0

	
	
	
	
	
	
	
	
	
	
	 1
	
	
	
	
	
	
	
	≤
	 h1

	
	
	
	
	
	
	
	
	
	
	
	 1
	
	
	
	
	
	
	≤
	0

	
	
	
	
	
	
	
	
	
	
	
	
	 1
	
	
	
	
	
	≤
	0

	
	
	
	
	
	
	
	
	
	
	
	
	
	 1
	 1
	
	
	
	≤
	1

	
	
	
	
	
	
	
	
	
	
	
	
	
	 g
	 g
	-1
	-1
	
	≤
	0

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	 1
	
	
	≤
	 h2

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	 1
	
	≤
	0

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	 1
	≤
	0

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	 0
	 0
	 0
	 0
	 0
	 0
	 0
	 0
	 0
	 0
	 0
	 0
	 0
	 0
	 0
	 0
	 0
	 0
	
	

	 +
	 +
	 +
	 +
	 +
	 +
	 +
	 +
	 +
	 +
	 +
	 +
	 +
	 +
	 +
	 +
	 +
	 +
	
	


Model variables

Demand for water (Demand)
The model has demand for water at each node, represented by two variables representing the linearisation of the consumer welfare function into two segments.
Sources of water supply (QsDam, QsDesal)
There are two sources of water supply, a pre-existing dam and potential investment in a desalination plant. Supply from the dam (QsDam) can occur at any node (subject to water available in storage). Supply from desalination (QsDesal) can only occur in year 2 (nodes 3 to 6). This is because the investment decision (QDesalCap) needs to be taken in year 1 with a one year lag between investment and production.

Investment in desalination (QDesalCap)
There are two investment decisions in desalination in year 1, one for state 1 (node 1) and the other for state 2 (node 2). Investment at node 1 can supply water at nodes 3 and 4 in year 2. Investment at node 2 can provide supply at nodes 5 and 6 in year 2. There is an upper bound on the size (annual production capacity) of each desalination investment.
Dam storage (DamStorage, TermDamStor)
There are dam storage variables at each node in the scenario tree. There is an upper and lower bound on the volume of water that can be stored in the dam.
There is also a terminal storage variable for water stored at the end of the planning period (one for each terminal period nodes — nodes 3 to 6).
These variables represent the (perfectly price elastic) demand for water to be stored at the end of the planning period.

Objective functions and model constraints
Objective function (ObjectiveFn)

The objective function maximises the expected present value of net social welfare, which is the sum (over time and across states) of:

· the gross consumer welfare from water consumption

· minus the annualised investment cost in desalination
· minus the operating cost of water supplied from the dam

· minus the operating cost of producing water from desalination

· plus the benefit from water in storage in the terminal period.
The coefficients in the objective function are probability and discount weighted to reflect the probability of the events at each node and the year in which the relevant event occurs.

Convexity constraint on linear demand activities (ConvexDem)

This constraint ensures that the linearised demand variables are a corner point (single variable) or the linear combination of two adjacent variables. The Lagrangean multiplier for the constraint is the probability and discount weighted consumer surplus.
Water balance constraint (WaterBal)

This constraint ensures that water used by consumers has to be less than or equal to that supplied from water stored in the dam and desalination (if available).
The Lagrangean multiplier on the constraint represents the probability and discount weighted retail price of water.

Water supplied from the dam constraint (DamSupply)

This constraint ensures that storages in dams (sources and uses of dam water) balance over time and across scenarios. Dam supplies to consumers during the current period plus closing storage for the next period must be less than or equal to the opening storage in the current period  plus inflows during the current period.

The Lagrangean multiplier on this constraint represents the probability discounted unit rent (imputed price) of water supplied from the dam (and held in storage).
Supply from desalination constraint (DesalSupply)

This constraint ensures that the water supplied from a desalination plant (if built) must be less than or equal to the installed capacity of the desalination plant.

The Lagrangean multiplier on this constraint represents the probability discounted unit (volumetric) rent paid for water supplied from the plant. It is only positive when the plant is at capacity and it is a measure of the margin above the operating cost of the plant. This rent contributes to the recovery of the investment cost of the plant, and any capacity rents if the installed capacity of the plant is at its upper bound.

Terminal water balance constraint (TerWaterBal)

This constraint ensures that the demand for water in the terminal period of each scenario is less than or equal to the water stored in the terminal period.

In this simple model, there is a fixed price (perfectly elastic) demand for water in the terminal period.

The Lagrangean multiplier for this constraint is the probability discounted weighted price of water held in storage in the terminal period.
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 Realised outcome stage 1
Q = 59.41, P = 14.06, Prob = 0.25
Net social welfare = 364.7


 Realised outcome stage 2
Q = 74.26, P = 12.57, Prob = 0.50
Net social welfare = 562.4


Realised outcome stage 3
Q = 89.11, P = 11.09, Prob = 0.25
Net social welfare = 738.2


Ex Ante Stage 1
E[Q] = 74.26, E[P] = 12.42
E[Net social welfare] = 556.93



