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6.1
Introduction

There are very many ways of measuring the statistical dispersion of incomes and hence the impact of tax changes on income dispersion.  There are also many ways of describing the precise extent to which an income tax structure is progressive; progression arises if the average tax rate increases over the whole range of incomes.  But many studies are motivated by the idea that inequality is in some sense a ‘bad’ thing.  Concern is therefore usually with the question of whether a change in income distribution, perhaps brought about by a tax change, represents an ‘improvement’.

The difference between the purely statistical or descriptive measures and the use of inequality measures in order to make statements implying ‘good’ or ‘bad’ changes is the introduction of value judgements.  Such value judgements cannot be avoided in any attempt to describe a change in income distribution in terms of an improvement or deterioration.  The widely used Pareto criterion, according to which a change which makes at least one person better off without making anyone worse off is judged to be an increase in efficiency, is itself a value judgement.  The role of the economist is therefore to examine the implications of adopting a variety of value judgements.  The extensive research on inequality and tax progressivity measures that has been carried out over the last quarter century has been motivated by the desire to relate the measures explicitly to value judgements.

This approach has produced an extensive and often technical literature.  The purpose of this paper is to provide an introduction to a small number of inequality and tax progressivity measures, concentrating on those which have received most attention.  The emphasis is on the link between the measures and evaluation involving value judgements.  First, Section 6.2 introduces the basic method of presenting an income distribution, the Lorenz curve, which plays a central role in what follows.  Section 6.3 describes two inequality measures, the Gini and Atkinson measures, which are used extensively in the literature.  Section 6.4 investigates the form of social welfare function associated with the inequality measures.  In each case it is possible to express social welfare, starting from a basic expression of value judgements, in terms of arithmetic mean income and its inequality.  This gives rise to the concept of an abbreviated social welfare function.

The use of explicit value judgements and their associated inequality and welfare measures makes it possible to provide unequivocal comparisons between any pair of income distributions.  Much attention has, however, been given to the question of whether there is a broad range of agreement using only a minimum of assumptions about value judgements.  For example, when would a change in income distribution be approved by a large range of people who share only a few simple principles?  Similarly, what kind of change in a tax schedule would constitute an improvement, using a minimum specification of value judgements?  A flavour of the sort of the results obtained by this literature is given in Section 6.5.  The link between tax progressivity and inequality is discussed in Section 6.6, which also provides numerical examples.  It must be stressed that the discussion applies only to the case where the pre-tax income distribution is not affected by the tax structure itself.  Furthermore, attention is restricted to the treatment of individuals whose non-income characteristics are considered as being irrelevant so that, for example, differences in ‘needs’ are ignored.  Brief conclusions are given in Section 6.7.  A certain amount of technical discussion is used although every attempt has been made to keep this to a minimum.  For much more extensive and technical treatments, see the surveys by Cowell (1977), Morris and Preston (1986), Jenkins (1991) and Lambert (1993a, 1993b).

6.2
The Lorenz curve

This section introduces the Lorenz curve, a valuable method of summarising income distribution data.  This provides a convenient descriptive tool and, more importantly, is fundamental when welfare comparisons are being made.  Suppose there are N individuals whose incomes are denoted yi, i = 1, . .., N.  These incomes are assumed to be ranked in ascending order such that y1 < y2 < ...< yN.  The Lorenz curve shows diagrammatically the relationship between the proportion of people with income less than or equal to a specified amount, and the proportion of total income obtained by those individuals.  Typically the poorest, say 10 per cent of people will have less than 10 per cent of total income, and even the poorest 80 per cent of people usually have substantially less than 80 per cent of total income.  The proportion of people whose income is less than the k th income in the list is given by k/N.  The corresponding proportion of total income is expressed as 
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.  For example, when k = 1 the associated proportion of people is 1/N while the proportion of total income is 
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 denotes the arithmetic mean income level. If everyone has the same income level, y = 
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, then for all k the proportion of total income is   k
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 = k/N and is equal to the corresponding proportion of people.  When incomes are unequal, the fact that they are ranked in ascending order means that the proportion of people is always below the proportion of total income, except when k = N.  Typically the Lorenz curve looks like the curve shown in Figure 6.1.  If everyone except person N has a zero income, then 
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 is zero for all k < N.  This case of extreme inequality therefore produces a curve that follows the bottom and right hand edge of the box.  Any distribution having a Lorenz curve that is unambiguously closer to the diagonal of equal incomes than another distribution can therefore be said to be more equal.  If two Lorenz curves intersect, there is an obvious  problem in making an unequivocal ranking of the two distributions in terms of their inequality.  Further criteria need to be brought to bear on the comparison in such a case.

Figure 6.1:
The Lorenz curve
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An  example of the calculations involved in producing a Lorenz curve is shown in Table 6.1 for the simple case where there are just five individuals, whose incomes are given in the second column.  The proportion of people with incomes less than or equal to yi  is denoted F(yi) and in this case is simply i/5, since the individuals are ranked in ascending order and the index, i, represents the rank.  The total income obtained by those with incomes less than or equal to yi is given by
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 and is shown in the fourth column of Table 6.1.  The fifth column translates the total income values, in column four, into values which represent the proportion of total income.  These proportions are denoted F1(yi).  The Lorenz curve is obtained by plotting the values in column five on the vertical axis with the corresponding values given in the third column on the horizontal axis; hence it represents F1(y) plotted against F(y).

Table 6.1:
Individual incomes

person  i
yi
F(yi) = 
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1
10
0.2
10
.056


2
20
0.4
30
.167


3
30
0.6
60
.333


4
50
0.8
110
.611


5
70
1.0
180
1.000

Note:

 =  / 5 = 36

Table 6.2:
A grouped income distribution

	Class
i

	Range
	Midpoint
yi

	Number
Ni

	Relative frequency
Ni/N = fi
	F(y
)=
	 
yifi
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	1
	1 – 5
	3
	4
	.100
	.100
	0.30
	0.30
	.022

	2
	6 – 10
	8
	12
	.300
	.400
	2.40
	2.70
	.200

	3
	11 – 15
	13
	10
	.250
	.650
	3.25
	5.96
	.441

	4
	16 – 20
	18
	7
	.175
	.825
	3.15
	9.10
	.674

	5
	21 – 25
	23
	4
	.100
	.925
	2.30
	11.40
	.844

	6
	26 – 30
	28
	3
	.075
	1.000
	2.10
	13.50
	1.000


Note:
N = 
 =  = 40;   = 13.5

Individual income distribution data are not always available, and most published data give grouped frequency distributions.  An example is given in Table 6.2 where the individual data are grouped into six classes, as shown in the second column of the table.  The midpoint of each class is given in the third column, and the assumption is usually made that all the individuals in each class are concentrated at the class midpoint;  in this way the process of grouping involves a loss of information.  The midpoints are denoted yi,  where the i subscript  represents the ith class rather than the ith individual.  The number of individuals in each class is denoted Ni and is shown in the fourth column.  These values are converted into relative frequencies, fi, in column five, so that fi = Ni/N.  The proportion of people with incomes less than or equal to the upper value of each class is given in the sixth column; hence, if the upper value of the ith class is 
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.  The steps involved in producing the proportions of total income, 
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, are shown in the last three columns of Table 6.2.  The proportions are given by 
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 is the arithmetic mean value of income.  Notice that 
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.  In the case where individual data are available, the equivalent of fi is 1/N, so 
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6.3
Inequality measures

It has been suggested that the Lorenz curve allows an unambiguous inequality comparison of income distributions only if the curve for one distribution lies entirely outside that of another distribution.  If Lorenz curves intersect no such overall comparison is possible.  However, it is often required to rank distributions when they cross, and even for those which do not intersect, some measure of their extent of the difference is required.  For such purposes it is necessary to produce a single summary statistic which measures inequality.  The most commonly used inequality measures are the Gini and Atkinson measures, and these are discussed below.

The Gini measure

The Gini inequality measure, G, is related directly to the Lorenz curve.  It measures the extent to which the curve departs from the 45  ( line of equality, using the ratio of the area enclosed by the diagonal and the Lorenz curve, divided by the area below the diagonal.  This relationship ensures that the value of the Gini coefficient lies between zero (for complete equality) and one (for extreme inequality).  The area below the diagonal is equal to 1/2, given that the height and base are both unity.  Therefore G is twice the area enclosed by the Lorenz curve and the diagonal.  It is possible to show that an alternative way of expressing the Gini measure is the following:

G = 1 + 1/N – (2/N2) 
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where y1 < y2 < . . . < yN.  This expression shows that the Gini measure depends on the ranking of individuals incomes, as well as their size. 

For computational purposes it is often useful to write G as:

G = (2/) Cov{y, F(y)}









(2)

where Cov{   } denotes covariance; on the use of covariance expressions in this context, see Jenkins (1988).

The extended Gini measure

The expression for G in terms of covariance is useful for numerical work, and also suggests an extension of the Gini measure which allows for a parameter, v, that reflects different welfare judgements about inequality.  Following Yitzhaki (1983), the extended Gini, G(v), takes the form, for v >1:

G(v) = –  Cov{y, (1 – F(y))v–1}







(3)

Substitution shows that G(2) = G.  The further interpretation of the parameter, v, will be discussed in Section 6.4.

Atkinson’s measure

Atkinson’s (1970) measure, unlike the Gini measure, is not based directly on the Lorenz curve, but is directly related to a social welfare function, W, expressed as the following function of individual incomes yi (for i=1,,N):


W = 
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where U(yi) represents the social value attached to individual i’s income; this should not be confused with i’s own utility function.  The form of the function U reflects the inequality aversion of the decision‑taker or individual making the judgements.  Atkinson (1970) concentrated on the implications of assuming:


U(y)
=
 y1–
 ≠ 1,  > 0






(5)



=
log y

 = 1

The relationship between U(y) and y is thus concave, reflecting the judgement that an increase in incomes at the higher range of the distribution contributes less to social welfare than an equal increase in lower incomes.  A measure of concavity, based on the extent to which the slope of U(y) falls, is given by –yU"(y)/U'(y), and for (5) this is equal to the parameter .  In the present context,  is a measure of relative inequality aversion.

A corner-stone of Atkinson’s approach to the measurement of inequality is the concept of the equally distributed equivalent level of income, ye.  This is defined as the level of income which, if obtained by everyone, produces the same social welfare as the actual distribution.  Hence ye is defined by:


W = U(yi) = U(ye)








(6)
 
and ye is given by U–1(W).  The Atkinson inequality measure, A(), is defined in terms of the proportional difference between arithmetic mean income and the equally distributed equivalent level.  Hence:


A() = (







(7)
  =  1 – ye/  – ye)/
Using (5) and (6), the equally distributed equivalent is:


ye  =  
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(8)

The value of ye can therefore easily be calculated given a set of incomes.  

In view of the fact that the choice of  reflects a value judgement, it is usual in investigating income distributions to report results for a range of values of .  In theoretical studies, such as the analysis of taxation, the aim has been to try to understand the structure of models and the implications of different attitudes towards inequality.  It has been seen that the extended Gini, G(v), involves a parameter v.  This has a role similar to Atkinson’s .  Thus G(1) = A(0) = 0 and 
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, where y1 is the minimum income.

6.4
Social welfare functions

It was seen in the previous Section that the Atkinson inequality measure is based explicitly on a social welfare function.  The nature of this welfare function is examined more closely in the first subsection.  Although the Gini measure was defined in terms of areas in the Lorenz diagram, it can be linked explicitly to welfare functions, as shown in the second subsection below.

The Atkinson-based welfare function

A further feature of Atkinson’s approach is that it is possible to express social welfare in terms of  and A().  This is particularly useful as it enables the implied tradeoff between the two objectives of raising average income and reducing its inequality to be seen directly.  From (7):


ye = (1 – A())










(9)

so that substituting into (6) gives welfare per person expressed in terms of  and A() as:


W = U{(1 – A())}









(10)

It is however usual to write W simply in terms of the equally distributed equivalent income,  as in (9), rather than U(ye).  This  way of writing the welfare function is called the abbreviated welfare function.   The nature of the tradeoff between ‘equity and efficiency’ is the same for both forms.  Changes in  and A() which leave W unchanged are given by:
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(11)

These results apply to any form of U, but  Atkinson concentrated on the constant relative inequality aversion case.

The parameter  reflects the concavity of the function U.  A very useful feature is that  also affects the convexity of the social indifference curve showing combinations of yi and yj for persons i and j for which W is constant.  Substituting (5) into (4) and totally differentiating gives:
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(12)

The marginal rate of substitution between yi and yj therefore depends only on the ratio of incomes and not on their absolute levels.  Furthermore, (12) holds for any two individuals in a population and does not depend on their ranks in the distribution, or on the incomes of other individuals.  An indifference curve is shown in Figure 6.2, where B is the point representing the incomes y1 and y2.  This curve is symmetrical about the 450 line through the origin.  A value of  = 0 gives an indifference curve through B which coincides with the 45o line through B and C.  This reflects the absence of any aversion to inequality.  An infinitely high value of  would give an L shaped indifference curve, which reflects extreme aversion.  The extent of aversion to inequality is therefore reflected by the shape of the indifference curve in relation to these two extremes.  For the two‑person case the equally distributed equivalent income is obtained from point A, so that the Atkinson inequality measure is the ratio AC/OC.

Figure 6.2: Social indifference curves
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A Gini-based welfare function

The Atkinson measure and its associated abbreviated social welfare function are based directly on the use of a welfare function such as that in (5).   Following Atkinson’s contribution, attempts were made to relate the Gini measure to explicit value judgements.  It was found that it is  not consistent with an individualistic social welfare function which is increasing, symmetric and differentiable, such as (5).   Nevertheless, social welfare functions have been proposed which are consistent with the use of the Gini measure.  These are discussed in the present section in relation to their implications for inequality aversion.  First, Sen (1973) proposed a ‘pairwise maximum’ criterion according to which the welfare level of any pair of individuals is equal to the income of the poorest of the two. He then showed that average welfare across all pairs is equal to   (1–G).  This result essentially arises from the mean-difference basis of the Gini measure.

An alternative approach was suggested by Lambert (1985), whereby each individual’s utility depends on income and the income distribution, so that in general terms utility is U(y, F).  Lambert showed that, in considering the class of welfare functions, W = (1–kG), where the parameter, k, is restricted to the range 0 < k  1.   Substituting the expression for G from (1) and totally differentiating, gives:
U (y, F) dF(y), two separate cases give rise to an abbreviated welfare function involving the Gini measure.  One case involves U reflecting relative deprivation while in the other case U is specified in terms of the rank position of each individual in the income distribution.  For both specifications, welfare  can be written as 
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(13)

Thus the marginal rate of substitution is constant and depends on k, N and the rankings of the two relevant individuals.  In producing (13), it is assumed that the transfer does not affect the rankings of individuals.   This contrasts with the results for the Atkinson inequality measure, reflecting the different perspectives of the two measures.  The Atkinson measure is said to reflect the ‘wastefulness’ of inequality (so that the rankings of the two individuals in the distribution do not matter) whereas the Gini measure is said to reflect the ‘unfairness’ of inequality.  In the case of just two persons (13) reduces to:
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Furthermore, substitution of j =N = 2 and i = 1 into (1) gives:


G = 
 –   =  [image: image38.wmf]
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(15)

The situation corresponding to the two‑person Gini‑related welfare function is shown in Figure 6.3, for comparison with Figure 6.2.  Using (15) the Gini measure is (EC/OC)/2.  When k = 1 the line AB has the slope of 1/3, obtained by substituting into (14).

Figure 6.3:
Social indifference curves
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Social welfare and the extended Gini

The extended Gini measure can be used in evaluating social welfare by using the abbreviated form G(v) so that W = 
 (1–G(v)).  It has been shown by Muliere and Scarsini (1989) that a rationale for the use of this abbreviated welfare function involves an extension of Sen’s ‘pairwise maximin’ criterion.  If the welfare of any v-tuple of individuals is the income of the poorest person, then the average of the welfare of all v-tuples is equal to {1–G(v)}.  Remember that v = 2 gives the standard Gini.  The implications for social indifference curves can be seen as follows.  Substituting for G(v) using (3) gives:

W =  + v Cov{y, (1 – F(y))v–1}








(16)

Since y1< y2 < ...< yN, the required covariance, Cov{  }, can be expressed as:

Cov{  } = 
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Substitution of (17) into (16) and differentiating, gives:
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(18)

This result may be compared with the corresponding results in (13).

6.5
Lorenz curves and welfare comparisons

Section 2 introduced the Lorenz curve as a way of representing income distributions, and stated that two distributions can be compared in terms of their inequality if one distribution has a Lorenz curve that lies entirely inside that of the other distribution.  This idea is also reinforced by the result that an income transfer from a richer to a poorer person, that does not change their ranking, will shift the Lorenz curve inwards towards the line of equality.  The idea that inequality is reduced by such rich-to-poor transfers is widely accepted.

Where Lorenz curves intersect, and such unequivocal comparisons cannot be made, particular summary measures of inequality can be used, such as Atkinson’s measure.  This measure was shown to be linked to an explicit social welfare function which has an abbreviated form given by  and A can be compared in terms of their total welfare.  However, in introducing his measure, Atkinson (1970) also obtained  a more general result involving Lorenz comparisons that has formed the starting point of many investigations.
 (1–A()).  This form can be used to compare alternative tax structures directly.  For example, different tax structures that give rise to different combinations of 
Consider the class of welfare functions which take the form 
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 where U, reflecting the decision maker’s value judgements, is increasing and concave.  The fact that U is increasing means that this class represents “Paretian” welfare functions (since an increase in any yi, with all other values unchanged, increases total welfare) and the concave property implies that a transfer of $1 from a richer to a poorer person increases social welfare.  The idea that such transfers increase social welfare is referred to as the Principle of Transfers.  The role of transfers in affecting the Lorenz curve was mentioned at the beginning of this Section.  The two results can be combined to obtain a simple but powerful result linking Lorenz curves to the broad class of welfare functions.  Atkinson showed formally that for distributions  with equal means, Lorenz dominance, such that the Lorenz curve of distribution A lies entirely inside that of distribution B, implies that social welfare  under A exceeds that under B for all welfare functions in the above class.  This result provides the welfare interpretation of Lorenz dominance which was mentioned briefly above.  It also holds if the dominating distribution has a higher arithmetic mean than the dominated distribution.

Because of the restriction to equal means, this important result can be applied to comparisons between tax structures which are revenue neutral.  Lorenz dominance in terms of the post-tax income distributions for two  tax structures implies a welfare ranking without imposing further restrictions on the form of U.  When the arithmetic means of the distributions differ, Shorrocks (1983) has shown that the appropriate concept is that of the generalised Lorenz curve.  This relates the cumulative amount of income, rather than its proportion, to the corresponding proportion of people.  Hence the generalised Lorenz curve relates   F1(y) to F(y).  When means differ, Atkinson’s result stated above can be translated directly in terms of generalised Lorenz curves.  Generalised Lorenz dominance can be used to establish welfare rankings in  some cases where the Lorenz dominating distribution has the relatively smaller arithmetic mean.  Furthermore, there may be cases where Lorenz curves cross, so that Atkinson’s result cannot be used, but the generalised Lorenz curves do not cross.

When Lorenz curves and generalised Lorenz curves cross, further restrictions need to be imposed on the welfare functions in order to make unequivocal comparisons,  it is not always necessary, however, to make precise assumptions about the form of U, depending on the nature of the distributions being compared.  Various conditions have been established, for example, in relation to the class of welfare functions which, in addition to being increasing and concave, reflect what is called the ‘principle of diminishing transfers’.  This is more specific than the principle of transfers, and requires that transfers at the lower end of the income distribution are valued more highly than those in the higher ranges.  The means that the third derivative of U is positive.  For a complete summary of the results, see Lambert (1993).  It may be mentioned that the constant relative inequality aversion form of U used in developing the Atkinson inequality measure is itself a special case of a function displaying the principles of diminishing transfers, since d3U/dy3 = (1+) y–(2+).

Consider the hypothetical distributions, each containing five individuals, shown in Table 6.3.  For each distribution, the income of each person is shown, along with the corresponding values of the proportion of total income obtained, F1, and the values of  F1 corresponding to the richest person.  Hence it can immediately be seen that for distributions 1, 2 and 4 the arithmetic mean income is 50, while for distribution 3 it is 70.
 F1.  These figures provide the necessary information for the Lorenz curve and generalised Lorenz curve of each distribution, remembering that the proportions of people take the values of 0.2, 0.4, 0.6, 0.8 and 1.0 for each distribution.  The total income is given by the value of 
A comparison of distributions 1 and 2 shows that the Lorenz curve of the latter is inside that of the former.  Hence all Paretian social welfare functions satisfying the principle of transfers would rank distribution 2 above 1.  In comparing 1 with 3, the Generalised Lorenz curve is required, and it can be seen from Table 6.3 that the curve of 3 is higher than that of 1, so that distribution 3 dominates.  This is despite the result that the Lorenz curves cross.  Hence the higher mean of distribution 3 more than compensates for the fact that some inequality measures would rank it as more unequal than 1.  But in comparing 2 and 3, the generalised Lorenz curves intersect once; that of 2 is initially above that of 3, but the higher mean of the latter means that it eventually crosses.  This means that, without further restrictions on the social welfare function, no unambiguous comparison of 2 and 3 can be made.

Table 6.3:
Alternative income distributions

	Distribution 1
	
	Distribution 2
	
	Distribution 3
	
	Distribution 4

	y
	F1
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	10
	.04
	10
	
	20
	.08
	20
	
	20
	.057
	20
	
	15
	.06
	15

	20
	.12
	30
	
	30
	.20
	50
	
	30
	.143
	50
	
	20
	.14
	35

	40
	.28
	70
	
	50
	.40
	100
	
	40
	.257
	90
	
	30
	.26
	65

	70
	.56
	140
	
	60
	.64
	160
	
	100
	.543
	190
	
	70
	.54
	135

	110
	1.00
	250
	
	90
	1.00
	250
	
	160
	1.00
	250
	
	115
	1.00
	250


Table 6.4:
Alternative summary measures

	e
	A(e)
	ye
	A(e)
	ye
	A(e)
	ye
	A(e)
	ye 


	.4
	.11
	44.48
	.05
	47.55
	.11
	62.44
	.11
	44.63

	.8
	.22
	38.86
	.10
	45.07
	.21
	55.33
	.21
	39.61

	1.2
	.33
	33.54
	.15
	42.63
	.30
	49.12
	.30
	35.24

	1.6
	.42
	28.93
	.19
	40.30
	.37
	44.09
	.37
	31.68



v
G(v)
(1–G)
(1–G)
G(v)
(1–G)
G(v)
(1–G)
G(v)

	
	
	
	
	
	
	
	
	

	1.2
	.28
	35.80
	.19
	40.52
	.30
	49.08
	.30
	34.95

	1.6
	.35
	32.33
	.24
	38.11
	.36
	44.70
	.37
	33.25

	2.0
	.40
	30.00
	.27
	36.40
	.40
	42.00
	.40
	30.00

	2.4
	.43
	28.59
	.29
	35.27
	.42
	40.57
	.41
	29.01


Distributions 1 and 4 have the same arithmetic mean but their Lorenz curves and generalised Lorenz curves intersect, so that further restricions are necessary.  Remember that cases can arise where, for equal means, the Lorenz curves can cross but the generalised Lorenz curves show a clear ranking.  Distribution 2 also clearly dominates distribution 4.  The Lorenz curves of distributions 3 and 4 intersect twice, but the generalised Lorenz curve of distribution 3 unambiguously dominates that of 4:  hence inequality comparisons require more specification, but welfare comparisons are the same for all Paretian welfare functions satisfying the principle of transfers.

Welfare comparisons between distributions 3 and 2, and between 1 and 4, therefore require further restrictions on the social welfare function used.  Table 6.4 shows extended Gini and Atkinson inequality measures, along with the corresponding values of social welfare functions.  It can be seen that distribution 3 has a higher social welfare than 2 for all the cases shown in the table, despite the higher inequality.  For social welfare based on the Atkinson measure, distribution 4 dominates 1 for all degrees of inequality aversion shown, since it has lower inequality measures.  However, social welfare using the standard Gini measure (where v = 2) is identical for distributions 4 and 1.  When v < 1, distribution 1 is judged to be superior to 4, and this ranking is reversed for v > 2.

Finally, the idea of tax progressivity can be related to Lorenz curves.  A given tax yield can be considered as being obtained using a proportional tax, which leaves the Lorenz curve unchanged.  Then a revenue-neutral progressive change in the tax structure can be considered.  The system is progressive if the post-tax Lorenz curve dominates (lies inside) that of the pre-tax distribution.  The links between Lorenz dominance, reductions in inequality and increases in social welfare can thus be made.  Such general results are important in appreciating the relationships among the various concepts and in understanding the types of overall comparison which may be made using a minimum of assumptions about the social welfare function.  They can be used to establish results which are very robust.  However, it is often useful to evaluate tax changes in terms of explicit social welfare functions, inequality and progressivity measures.  Alternative measures are therefore described in the next section.
6.6
Tax progressivity measures

First, it is useful, following Lambert (1993b: 160), to distinguish between the two concepts of progression in the tax rate structure and of progressivity.   The first concept relates to the nature of the tax structure alone, and as stated earlier a structure is said to be progressive if the average rate rises, that is, if the marginal rate exceeds the average rate at all income levels.  The second concept refers to the effectiveness of the tax structure when applied to a given income distribution.  The effectiveness of a given tax function can vary substantially depending on the form of income distribution.

Given the focus of the present paper, emphasis is placed on examining the progressivity of alternative structures, using the following measures.

Gini and concentration measures

For notational convenience, suppose that xi is a measure of individual i’s pre-tax income, and this is transformed into post-tax income yi.  Individuals can be ranked in ascending order so that x1 < x2 < ... < xN.   If Gx denotes the inequality of gross income, it can be written from (2) as:


Gx = 
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where  is the arithmetic mean gross income and F(x) is the distribution function.  In the present case F(x) takes the simple form whereby F(xi) = i/N.

Pre-tax income x is transformed to y using the tax system y = x – t(x), and the corresponding Gini measure of net income, Gy, may be obtained in the same way, after re-ranking individuals according to y.  If, however, the ranking by x is maintained, an alternative measure of the distribution of net income, called the concentration index, Cy, is given by:


Cy = 
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This concentration measure can be related to a type of Lorenz curve.  If the proportion of total post-tax income (retaining the ranking of individuals by pre-tax incomes) is related to the proportion of individuals, F(x), the resulting curve is called a ‘concentration curve’.  The concentration measure is the corresponding Gini measure; that is, Cy is the ratio of the area enclosed by the concentration curve and the diagonal of equality, to the area below the diagonal. Similarly, a tax concentration curve can be obtained by plotting the proportion of total tax paid against the proportion of income, with the ranking in each case according to gross incomes.  A similar concentration index, Ct, of tax paid, t(x), may be obtained in the same way by substituting  and t(x) for y in equation (20).
 for 
Progressivity measures

Kakwani’s (1977) index of progressivity, K, is defined as the difference between the tax concentration index and the Gini measure of x:


K = Ct – Gx










(21)

If the tax is proportional, the tax concentration curve coincides with the Lorenz curve of gross income and K= 0.  If those with relatively higher incomes pay proportionately more of their income in taxation (the average tax rate increases with income), the tax concentration curve lies outside the Lorenz curve of gross income.


Another progressivity measure was proposed by Suits (1977).  Jenkins (1988) has shown that the Suits measure of progressivity, S, can be expressed as:


S = 
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where F1(x) is the first moment distribution of x, given by 
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The redistributive effect of a tax system can be measured in terms of the reduction in a measure of inequality from the pre-tax to the post-tax distributions of income.  Any inequality measure could be used, but there is a particular role for the Gini measure, given its use in defining the Kakwani progressivity measure.  The Reynolds–Smolensky measure of redistributive effect, L, is the difference between the two Gini measures of x and y, so that:


L = Gx – Gy










(23)

Horizontal equity

In producing the various measures above, care has been taken to distinguish which ranking of individuals is appropriate.  This is because it is not necessarily the case that individuals are placed in the same order when ranked according to pre-tax and post-tax incomes.  In practice the ranking may change because a different tax formula is applied to different people,  if  they are  judged to have different non-income characteristics which are relevant.  This obviously involves a value judgement.  But if individuals have similar non-income characteristics, any change in their ranking as a result of a tax structure can be regarded as an indication of horizontal inequity.  The Atkinson–Plotnick index of horizontal inequity (re‑ranking), P, may be defined as:


P = 










(24)

This expression differs slightly from that suggested by Plotnick (1981), using just the numerator, but follows that given by Jenkins (1988).  If only a single time period is being considered, and all individuals face the same tax function, it is unlikely (unless the tax function is rather unusual) that there will be any re‑ranking.  However, in a multi-period context where individuals’ earnings fluctuate over time, it is possible for the rankings to change.  An individual with a fluctuating income stream will pay more tax if there are increasing marginal tax rates, compared with someone having the same total income but in the form of a steady income stream.

Relationship between measures

Define the aggregate tax rate, g,  as total tax revenue divided by total income.  An important relationship between the various measures defined above, obtained by Kakwani (1984), is as follows:


L = K {g/(1 – g) } – 2Gy P








(25)

This shows that if there is no re-ranking, P = 0 and the reduction in the Gini coefficient arising from the tax structure, L, is proportional to the Kakwani measure of disproportionality of tax payments.  However, a change in the tax system which, for example, increases the disproportionality of tax payments need not necessarily reduce the (Gini) inequality of net income.  This is because the net effect depends on what happens to the aggregate tax rate.  The possibilities are greater when re-ranking can occur.  The relationship in (25) can be rewritten for the extended form of the Gini measure, and corresponding concentration measures, involving the additional parameter reflecting attitudes towards inequality.

Numerical examples

In order to illustrate these measures, consider just 10 individuals whose pre-tax incomes are independent of the tax structure.  Suppose that they face a tax function such that t(x) = 0 if x is less than or equal to a threshold, a, but t(x) = t(x – a) when x > a.  This type of system, having a single marginal rate applied to income measured in excess of a tax-free threshold, is frequently used in economic models and is examined in detail in the following chapters.  The hypothetical incomes are shown in Table 6.5 in ascending order, along with the corresponding values of F(x) and F1(x).  The last two columns could be used to draw a Lorenz curve.

The values of x were actually generated by taking random drawings from a lognormal distribution with mean and variance of logarithms of 5 and 0.5 respectively.  The effects of applying three tax functions to the pre-tax incomes are shown in Table 6.6.  In each case t = 0.30, and comparisons are made for values of the tax-free threshold, a, of 60, 80 and 110.  As the threshold increases, it can be seen that the average amount of tax falls, as expected.  In the third structure, the threshold exceeds the pre-tax incomes of the poorest two individuals so they pay no tax.  The various summary measures of inequality and progressivity are shown in Table 6.7.  The Atkinson inequality measure is shown for four values of inequality aversion, , ranging from 0.2 to 0.8.

Table 6.5:
Pre-tax incomes

	Individual
	pre-tax
	F(x)
	F1(x)

	number
	income, x
	
	


	1
	103.93
	0.100
	0.053

	2
	109.27
	0.200
	0.109

	3
	116.92
	0.300
	0.169

	4
	119.93
	0.400
	0.230

	5
	128.99
	0.500
	0.297

	6
	218.49
	0.600
	0.408

	7
	221.51
	0.700
	0.522

	8
	251.92
	0.800
	0.651

	9
	254.69
	0.900
	0.781

	10
	427.13
	1.000
	1.000

	Arithmetic mean
	195.28
	
	


The values of x were actually generated by taking random drawings from a lognormal distribution with mean and variance of logarithms of 5 and 0.5 respectively.  The effects of applying three tax functions to the pre-tax incomes are shown in Table 6.6.  In each case t = 0.30, and comparisons are made for values of the tax-free threshold, a, of 60, 80 and 110.  As the threshold increases, it can be seen that the average amount of tax falls, as expected.  In the third structure, the threshold exceeds the pre-tax incomes of the poorest two individuals so they pay no tax.  The various summary measures of inequality and progressivity are shown in Table 6.7.  The Atkinson inequality measure is shown for four values of inequality aversion, , ranging from 0.2 to 0.8.

The effect of increasing the tax-free threshold can be seen from these results.  All measures of inequality of net income fall and all the measures of progressivity rise.  However, this is not a general result, as shown in the next chapter where inequality is eventually found to rise as the threshold is increased further.  A result in Table 6.7 that may not be anticipated is the finding that the various covariance terms are identical for the thresholds of 60 and 80.  The explanation of this result is that for these thresholds, all individuals pay tax and the tax structure is linear.  As soon as some individuals are affected by the threshold, as when a = 110, there is no longer a linear transformation for all incomes.

Table 6.6:
Alternative tax-free thresholds

	a = 60
	a = 80
	a = 110

	y
	t(x)
	y
	t(x)
	y
	t(x)


	90.75
	13.18
	96.75
	7.18
	103.93
	0.00

	94.49
	14.78
	100.49
	8.78
	109.27
	0.00

	99.84
	17.07
	105.84
	11.07
	114.84
	2.07

	101.95
	17.98
	107.95
	11.98
	116.95
	2.98

	108.29
	20.70
	114.29
	14.70
	123.29
	5.70

	170.94
	47.55
	176.94
	41.55
	185.94
	32.55

	173.06
	48.45
	179.06
	42.45
	188.06
	33.45

	194.35
	57.58
	200.35
	51.58
	209.35
	42.58

	196.28
	58.41
	202.28
	52.41
	211.28
	43.41

	316.99
	110.14
	322.99
	104.14
	331.99
	95.14

	 = 154.69
	 = 40.58
	 = 160.69
	 = 34.58
	 = 169.49
	 = 25.79

	
	g = .2078
	
	g = .1771
	
	g = .1321


Table 6.7:
Alternative summary measures

	Measure
	a = 60
	a = 80
	a = 110


	Net income
	
	
	

	Gy
	.2261
	.2176
	.2074

	A (.2)
	.0172
	.0160
	.0145

	A (.4)
	.0341
	.0315
	.0286

	A (.6)
	.0502
	.0466
	.0423

	A (.8)
	.0658
	.0611
	.0555

	
	
	
	

	Cov (y, F(x))
	17.4860
	17.4860
	17.5755

	Cov (t, F(x))
	7.4940
	7.4940
	7.4044

	Cov (t, F1(x))
	8.2135
	8.2135
	8.1396

	
	
	
	

	Cy
	.2261
	.2176
	.2074

	Ct
	.3693
	.4334
	.5743

	K
	.1135
	.1775
	.3184

	L
	.0298
	.0382
	.0484

	S
	.1489
	.2192
	.3754


Note:
The Gini measure of pre-tax inequality is 0.2558.  The Atkinson measures, for  = 0.2, 0.4, 0.6 and 0.8 respectively, of pre-tax income are 0.0220, 0.0434, 0.0640 and 0.0838.

Different treatment of individuals

In the above examples the concentration measure of y, Cy, is always equal to the Gini measure, Gy, because the rankings of individuals by pre-tax incomes are identical.  Hence there is no horizontal inequity.  In order to illustrate the result of re-ranking, suppose that each individual faces a different value of the threshold, a, while everyone faces the same marginal rate, t.  Table 6.8 shows, for the same pre-tax incomes as in Table 6.5, the effects of applying different thresholds.  In generating the values shown in Table 6.8, each value of the threshold was a random drawing from a lognormal distribution having an arithmetic mean of 80 and a variance of logarithms of 0.2 (so that the mean of logarithms is log 80 – 0.2/2); in practice the differences arise from different non-income characteristics.

Table 6.8:
Varying thresholds

	Individual
	 tax-free
	tax
	net

	number
	threshold
	paid
	income


	1
	113.27
	0.00
	103.93

	2
	69.08
	12.06
	97.22

	3
	68.11
	14.64
	102.27

	4
	111.71
	2.47
	117.46

	5
	75.80
	15.96
	113.03

	6
	109.55
	32.68
	185.81

	7
	164.47
	17.11
	204.40

	8
	56.40
	58.66
	193.27

	9
	72.15
	54.76
	199.93

	0
	77.44
	104.91
	322.22

	
	
	 = 31.32
	 = 163.95

	
	
	g = .1602
	


In this example, the concentration measure, Cy, is 0.2118 whereas the Gini measure, Gy is 0.2152.  This difference arises because of the re-ranking observed in Table 6.6; a ranking of individuals by net income would place them in a different order (given by 2, 3, 1, 5, 4, 6, 8, 9, 7, 10).  The Atkinson–Plotnick inequity measure is therefore equal to 0.0081.

6.6  Taxation and the social welfare premium

As suggested earlier, it is of interest to evaluate changes in the tax structure using a measure of social welfare.  It is possible to make a direct link between welfare changes and inequality changes when the abbreviated form of a welfare function is used.  The rationales for the Atkinson and Gini measures differ significantly, but both give rise to an abbreviated social welfare function defined in terms of only arithmetic mean income and inequality.  In general terms, the abbreviated social welfare function based on the inequality measure, I, and arithmetic mean, , is expressed as:


W =  (1 – I)










(26)

One way of expressing the social welfare resulting from a tax system is to measure the welfare in excess of that which would arise from a proportional tax which raises the same revenue.  This is referred to as the ‘welfare premium’, and can be obtained, for a fixed pre-tax distribution of income, as follows.  Arithmetic mean income after tax,  (1–g), where g has been defined as the overall tax ratio, and in a proportional tax system, pre- and post-tax incomes have the same relative inequality Ix = Iy.  Hence social welfare, Wp, for a proportional tax which raises the same net revenue as the actual tax, can be expressed as:
, is given by 

Wp = (1 – g)   (1 – Ix)








(27)

The social welfare from the progressive tax, Wy, is given by:


Wy = (1 – g)  (1 – Iy)








(28)

Hence the welfare premium, , from progressive tax is obtained by subtracting Wp from Wy.  After rearrangement, this becomes:


 =  (1 – g)  (Ix – Iy)








(29)


Alternative measures of the welfare premium, for the alternative tax structures considered above, are illustrated in Table 6.9, where in each case t = 0.3.

Table 6.9:
Measures of the welfare premium from progression

	Inequality measure used
	a = 60
	a = 80
	a = 110
	varying thresholds as in Table 6.8


	Gini
	4.0651
	6.1402
	8.2114
	6.6559

	A (.2)
	0.7368
	0.9648
	1.2697
	1.0385

	A (.4)
	1.4525
	1.9017
	2.5008
	2.0324

	A (.6)
	2.1409
	2.8028
	3.6839
	2.9746

	A (.8)
	2.7969
	3.6616
	4.8107
	3.8597


If pre-tax incomes depend on the tax structure because of labour supply incentive effects, then the above convenient  expression in (29) no longer holds.

There are thus several dimensions which need to be examined when investigating the effects of changes in taxation.  Although there are interdependencies between the various measures, it must be remembered that they do not always move in the same direction.  An empirical study which concentrates, for example, only on a summary measure of inequality of net income, may well omit changes that are important in an overall evaluation.

6.7
Conclusions

The purpose of this paper has been to provide a brief introduction to inequality and tax progressivity measures, emphasising the link between the measures and value judgements.  Fist the Lorenz curve, as an extremely useful device for providing a ‘visual’ impression of an income distribution, was defined.  It was seen that Lorenz curves can give a partial ordering of income distributions in terms of their inequality; an ordering cannot be given when they intersect.  A complete ordering of distributions requires specific measures of inequality and two extensively used measures, the Gini and Atkinson measures, are described.  The social welfare functions associated with these measures, particularly the abbreviated forms involving the arithmetic mean and inequality, were then examined.  The welfare functions can be used to provide complete orderings of distributions.  The use of the Lorenz curve, and the associated concept of the generalised Lorenz curve, to provide partial welfare orderings of distributions, was then discussed.  Finally, several tax progressivity measures, and the welfare premium from progression, were described.  Any comparison of distributions and of tax systems cannot escape value judgements.  For this reason the paper has concentrated on showing how such judgements can be made explicit, so that the implications of adopting alternative values can be examined.
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