	
	


	
	



C
Investment and supply decisions in a simplified model
Specific economic principles govern investment and supply decisions in the urban water model developed for this paper. However, the partial equilibrium model used here is formulated using the quantity formulation and the economic principles are not immediately obvious or observable from the mathematical description of the model in appendix A. The price information in this model is embedded in the Lagrange multipliers and the economic principles for the market equilibrium are derived by applying the Kuhn-Tucker conditions for optimality (Takayama and Judge 1971; Martin 1981).

The complexity of the model presented in this paper makes a straightforward exposition of these principles difficult. There are more than 5000 scenarios for the smallest version of the model solved, and decisions at the start of the simulation must take all of these different possible outcomes into account. The range of competing options for new supply, lags between investment decisions and commissioning, and modelling of regulatory constraints all make it challenging to mathematically write out the principles in a way that is easily understood. Instead, a simplified version of the model is presented in this appendix to outline the economic principles underlying the competitive economic equilibrium in the model. The first order conditions, together with results from this simplified model, are used to illustrate the principles that underlie the competitive equilibrium in the larger model, with a greater emphasis on explaining investment.
The model utilised in this appendix is simpler on many fronts (table 
C.1) and is used for illustrative purposes only. The full probability tree for the simplified model contains only 30 nodes (figure 
C.1). 

Table C.

 SEQ Table \* ARABIC 1
Differences between the core model and simplified model

	Core model
	Simplified model used in this appendix

	Simulation period of 8–20 years
	Simulation period of 4 years

	3 outcomes for annual inflows to dams (high/medium/low)
	2 outcomes for annual inflows to dams (high/low)

	5 new supply options (dam, desalination, aquifers, rural–urban trade, household tanks)
	1 new supply option (desalination)

	Costs of supply options include a fixed annual cost, independent of the quantity supplied
	No fixed annual costs

	Multiple year lags between investment decisions and supply of water, to account for planning and construction
	Water is available from new investments in the year following investment

	Investment in new supply measured using cumulative capacity built up to a point in time (box 2.2)
	Investment measured using the incremental amount of investment in any period in any node


Figure C.

 SEQ Figure \* ARABIC 1
Probability tree for the simplified model
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C.1
A simplified urban water model
All variables in the model have names that start with lower case letters. All fixed parameters have names that start with an upper case letter (for definitions, see tables A.1, A.2 and A.3 in Appendix A). Some additional notation is required for this appendix in order to model investment incrementally, rather than cumulatively as in the large model
:
· 
[image: image2.wmf](,)

yrptyrpt

incrdesal

: Additional (‘incremental’) investment in desalination capacity at each node in each year.
· anc(pt,ptp): Mapping of node pt to all preceding ‘ancestor’ nodes, from which current supply is available from earlier investments in desalination capacity. Alternatively, the transpose of anc(pt,ptp) can be used to map an investment to supply in all subsequent nodes looking down the probability tree.
· suc(pt,ptp): Mapping of node pt to ‘successor’ nodes that immediately follow node pt in the next year.

Objective function
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Objective function: area under the demand function less reticulation costs
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plus: benefit from storage in terminal period
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less: variable cost of water supply from the existing dam
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less: variable and investment costs of water supply from desalination
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Constraints

Maximum dam storage
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(C.2)
Dam supply
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Water demand balance
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(C.4)
Desalination constraints

Supply balance from desalination
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Upper bound on total desalination capacity
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Constraints related to linearisation

Convexity of linearised demand
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Convexity of linear benefit function for water stored in final period
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Demand balance for storage in the terminal period
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C.2
Kuhn–Tucker conditions for optimisation
The urban water model is a constrained optimisation problem with inequality constraints. The necessary conditions for a solution to such a problem are given by the Kuhn–Tucker conditions (Chow 1997; Lambert 1993; Intriligator 1971). Applying the Kuhn–Tucker conditions to a ‘Lagrangean’ expression yields first order and complementary slackness conditions, which reveal the market equilibrium conditions imbedded in the model.
The Lagrangean and Kuhn-Tucker conditions for the simplified model are listed below, along with a brief discussion of the economic meaning of each.
Lagrangean
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 EMBED Equation.DSMT4  [image: image18.wmf],,
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 EMBED Equation.DSMT4  [image: image22.wmf]yr
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Table 
C.2 defines each Lagrange multiplier. More detail is provided in the following sections.

Table C.

 SEQ Table \* ARABIC 2
Lagrange multipliers and their interpretation

	Multiplier
	Description
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	The probability weighted, discounted price of dam storage capacity. When storage is not constrained by dam storage capacity, the value is zero.
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	The probability weighted, discounted shadow price of drawing down dam storages.
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	The probability weighted, discounted demand price of water to consumers.
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	The probability weighted, discounted return to or payment for the use of desalination assets at each node in each year. This represents a price per unit of water to recover investment costs and any capacity rent if capacity is binding.
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	The probability weighted, discounted shadow price of additional desalination capacity. If desalination is not at capacity, this is zero. If desalination is at capacity, this equals an implied price for additional capacity.
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	The probability weighted, discounted value of consumer surplus.
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	The probability weighted, discounted value of consumer surplus derived from terminal storage.
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	The probability weighted, discounted price for storing water in the terminal period.


First condition — price for (linearised) demand for water
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(FOC 1)
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(CS 1)
The first complementary slackness condition (CS 1) indicates that the condition FOC 1 holds with equality whenever a positive quantity of water is supplied to consumers. Condition FOC 1 states that the area under the demand function must be less than or equal to total revenue from sales to consumers and consumer surplus. 
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Second condition — price of (linearised) terminal storage
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(FOC 2)
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(CS 2)

Condition FOC 2 is analogous to that for FOC 1. The benefit function for the storage of water in the terminal period can be thought of as a demand for storing water in the terminal period. FOC 2 states that the area under the benefit function must be less than or equal to the imputed value of revenue from storage and the imputed consumer surplus. 

The slackness condition CS 2 states that if water stored in the terminal period is positive, then FOC 2 applies as an equality.

Third condition — supply price from dam
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(FOC 3)
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(CS 3)

Conditions FOC 3 and CS 3 state that if water is supplied from dams to consumers then the consumer price is equal to the sum of:
· the unit cost of reticulation

· the variable cost per unit of water supply from dams

· a shadow price representing the opportunity cost of drawing on dam supplies at the current node, which is made up of two components, discussed in FOC 4 and CS 4.
If water is not supplied from dams, then the consumer price can be less than the price of water supplied from dams. That is, at that price, it is uneconomic for dams to supply water. 
Fourth condition — price on dam storage
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(FOC 4)
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(CS 4)

Conditions FOC 4 and CS 4 define the shadow price (opportunity cost) of supply from dams at a node in terms of:
· the sum of the shadow prices of water held in storage in subsequent periods (looking down the probability tree) for each state of inflow, and the value of holding water in the terminal period

· an imputed rent on dam capacity if storages are being constrained by the storage capacity of dams.
If the storage is positive, FOC 4 holds with equality. If the storage is zero, then the shadow price for using storages at the current price might be zero or less than the sum of the shadow price in the subsequent period.
Fifth condition — supply price of water from desalination
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(FOC 5)
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(CS 5)

Conditions FOC 5 and CS 5 state that if water is supplied from desalination to consumers, then the consumer price is equal to the sum of:
· the unit cost of reticulation

· the variable cost per unit of water supplied from desalination

· a shadow price per unit of water supply representing a contribution to the recovery of the capital costs of installing desalination plants plus an imputed rent if desalination capacity is constrained to its upper bound (FOC 6 and CS 6)

· If water is not supplied from desalination, then consumer price is less than the cost of supply from desalination — it is uneconomic to use desalination at that node.
Sixth condition — price on desalination capacity
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(FOC 6)
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(CS 6)

The decision to invest in desalination capacity (at a node) is based on the expected returns looking down the probability tree. For an investment to be economic, the expected returns must equal to or exceed:
· a charge (per unit of water supplied) to recover the capital cost of the investment

· an imputed rent if the installed capacity is being constrained by the maximum allowable capacity.

If the capacity constraint is binding, then the expected net present value (NPV) of revenue from sales of water from the plant can exceed the investment costs. If capacity is not constrained, the expected NPV of revenue is equal to the investment cost. An investment is only made if the expected NPV of revenue is at least equal to the investment cost.

Seventh condition — maximum dam storage constraint
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(FOC 7)
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(CS 7)

FOC 7 is simply a restatement of the model constraint C 2. When dam storage is not at capacity, the price on storage capacity is zero. 

Eighth condition — dam supply constraint
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(FOC 8)
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(CS 8)

FOC 8 is a restatement of constraint C 3. When this constraint is binding, which it invariably is because there is a loss of potential consumer welfare resulting from having ‘slack’ or unused water, the shadow price (opportunity cost) of using water in storage is positive.

Ninth condition — water demand balance constraint
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(FOC 9)
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(CS 9)

FOC 9 is a restatement of constraint C 4. The demand price of water for consumers is given by 
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Tenth condition — maximum desalination supply constraint
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(FOC 10)
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(CS 10)

FOC 10 is a restatement of constraint C 5. 
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 is the price per unit of water supplied from desalination, used to recover the investment costs and any capacity rents if capacity is binding.
Eleventh condition — upper bound desalination capacity constraint
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(CS 11)

FOC 11 is a restatement of constraint C 6. When investment in desalination has reached maximum allowed capacity there is an imputed rent on constrained capacity. 

Twelfth condition — demand convexity constraint
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(CS 12)

FOC 12 is a restatement of constraint C 6. Consumer surplus from that level of demand is given by 
[image: image67.wmf],(,)

QDLIN

dyrptyrpt

l

. 
Thirteenth condition — demand for storage in final period convexity constraint
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(CS 13)

FOC 13 is a restatement of constraint C 7. 
[image: image70.wmf]QSTLIN

lastpt

l

 is interpreted as the ‘consumer surplus’ for the derived demand for storage in the terminal period.
Fourteenth condition — linking constraint for the linearised final period’s storage
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(FOC 14)
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(CS 14)

FOC 14 is a restatement of constraint C 8. 
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 is the imputed price (opportunity cost) of storage in the terminal period based on the derived demand for storage in the terminal period.
Insights into the investment and supply decisions
The first order conditions outline the conditions for a market equilibrium, when the Takayama and Judge approach is embedded in a multistage stochastic framework. A decision to build a desalination plant is made with reference to expected inflows to dams in the future (figure 
C.2). Decisions also depend on what has happened until the decision point, to the extent that this influences the level of storages or how much investment has been made in new capacity. For example, if dams are full, or if large investments have already been made, then investment in new supply capacity is unlikely. But, aside from affecting how much water and existing capacity is available, decisions are otherwise independent of parts of the tree that do not follow from the decision point. Consider node 3 in figure 
C.2. The decision to invest in desalination is affected by inflows, consumption and storage outcomes in the tree up to node 3. It also reflects the expectations of inflows, consumption, storage and supply of water from desalination looking down the tree (future possible realisations) in nodes (7,8) and nodes (15-18).
Figure C.

 SEQ Figure \* ARABIC 2
Investment decision at node 3

Decision is made ‘looking down the tree’a
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a(An investment decision at node 3 is made based on expected returns to that investment across subsequent nodes. Preceding nodes (node 1) and nodes on other branches of the tree (nodes 4–6, 9–14 and 19–30) only affect the investment decision at node 3 indirectly, through the amount of supply capacity and water in storage brought forward to node 3.
C.3
Results from the simplified model
Solving the simplified model — calibrated so that an investment in desalination is occasionally made — yields results (table 
C.3) that illustrate those of the larger model. The quantity of water supplied from dams responds to inflows, and is lowest after several years of low inflows (for example, nodes 14 and 30). Similarly, prices 

Table C.

 SEQ Table \* ARABIC 3
Results by node

	Year
	Node
	Water supplied (GL)
	Demand price ($/kL)
	Storage (GL)
	Desalination investment (GL)

	
	
	Dam
	Desalination
	
	
	

	yr
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	1
	1
	333
	
	1.76
	786
	

	1
	2
	313
	
	2.05
	572
	

	2
	3
	346
	
	1.64
	947
	

	2
	4
	319
	
	2.02
	739
	

	2
	5
	322
	
	1.99
	757
	

	2
	6
	302
	
	2.30
	544
	56

	3
	7
	365
	
	1.42
	1088
	

	3
	8
	326
	
	1.98
	893
	

	3
	9
	330
	
	1.92
	917
	

	3
	10
	305
	
	2.29
	707
	90

	3
	11
	332
	
	1.88
	932
	

	3
	12
	305
	
	2.27
	725
	82

	3
	13
	255
	56
	2.20
	796
	

	3
	14
	228
	56
	2.60
	589
	34

	4
	15
	391
	
	1.13
	1204
	

	4
	16
	341
	
	1.83
	1020
	

	4
	17
	351
	
	1.70
	1050
	

	4
	18
	297
	
	2.44
	870
	

	4
	19
	354
	
	1.64
	1069
	

	4
	20
	303
	
	2.35
	887
	

	4
	21
	253
	71
	2.07
	961
	

	4
	22
	188
	90
	2.73
	792
	

	4
	23
	358
	
	1.58
	1081
	

	4
	24
	306
	
	2.33
	899
	

	4
	25
	271
	53
	2.07
	961
	

	4
	26
	200
	82
	2.68
	798
	

	4
	27
	327
	
	2.04
	976
	

	4
	28
	235
	56
	2.56
	834
	

	4
	29
	213
	90
	2.38
	883
	

	4
	30
	164
	90
	3.07
	698
	


Source: Modelling results from the simplified model.
are highest during extended periods of low inflows. Dam storages vary across different scenarios, with storages falling during dry years. However, the results from the simple model are only illustrative, as they ignore many factors that are important in real-world urban water systems.

Decisions to invest in desalination are made based on current conditions and looking at potential returns down the tree. Investments are made when prices are highest: demand prices are above $2.25 each time a decision is made to invest in desalination (table 
C.3). High current period prices indicate that expected future prices are higher, as dam storages are used to link expected prices over time (demonstrated by FOC 4 in the previous section). So, when the dam is relatively empty, an investor is more likely to choose to build a desalination plant as they are more likely to make an acceptable return on their investment, based on the probability that water will remain relatively scarce.

Once an investment decision is made, a new plant is not necessarily used at full capacity, or indeed used at all. For example, at node 27 in year 4 there is desalination capacity available (from investment in year 2) but no water is provided from desalination because prices are not high enough to cover variable costs of desalination (figure 
C.3). If a decision to build new supply capacity is followed by unexpectedly wet weather, it is uneconomic to use the new supply capacity because water supply from dams is available at lower cost.

A desalination plant might be built but not used all of the time because investment decisions are made before actual inflows are known, based on whether expected returns (looking down the probability tree) cover investment costs. An investment is made whenever expected net revenue from the additional water supplied is greater than the investment cost (table 
C.4).

In some cases, expected investment returns include some capacity rent and thus exceed the investment cost. In this simplified example, as in the larger model, desalination capacity is limited to 90 GL. This means that in year 3, at node 10, net returns to investment more than cover costs, but no additional capacity can be built. This means that (on an expected value basis) a capacity rent accrues to the owner of the desalination plant. On the other hand, at node 12, expected returns to desalination only just cover costs, so construction stops at below maximum capacity and there are no capacity rents. 

Figure C.

 SEQ Figure \* ARABIC 3
Results: investment in desalination and its use
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Data source: Modelling results from the simplified model.

In year 2, expected investment returns exceed costs, but desalination is not built to maximum capacity due to the ‘option value’ of holding off on investment. The investment decision in year 2 is more complex than investment in year 3, because it is not the last year in which investment can be made. When there are capacity rents looking down the tree, expected returns from desalination supply will need to exceed investment costs in order for an investment to be made (CS 6 from the first order conditions). As such, the optimal choice is to build some desalination capacity in year 2 — for which expected returns will exceed costs — and then ‘wait and see’ what happens to inflows in year 3 before building any more capacity. This captures the ‘option value’ referred to in real options analysis of investment decisions (Dixit and Pindyk 2001; WSAA 2008a), demonstrating that concepts from real options underlie decision making in the partial equilibrium model developed for this paper. 
Table C.

 SEQ Table \* ARABIC 4
Expected investment returns (ex ante)

	Year
	Node
	Desalination investment (GL)
	Investment cost ($M)a
	Expected net revenue ($M)
	Revenue/ cost ratio

	yr
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	2
	6
	56
	31.1
	39.9
	1.28

	3
	10
	90
	25.7
	27.9
	1.09

	3
	12
	82
	23.3
	23.3
	1.00

	3
	14
	34
	9.7
	21.1
	2.17


a Investment cost is truncated to account for the proportion of the asset’s life that is within the modelled timeframe.

Source: Modelling results from the simplified model.
Actual investment returns depend on realised rainfall after the investment decision has been made (table 
C.5). When it turns out to be wet, investment in a desalination plant is unlikely to pay off. For example, when a desalination investment is made in year 3, at node 10, then in the following wet year (node 21), revenue from desalination sales will only be sufficient to cover variable costs. In fact, the desalination plant is not even run at capacity (table 
C.2) as revenue from any additional desalination sales would not cover variable costs. The decision to build a desalination plant in year 3, at node 10, is based on the expected returns. If the following year turns out to be dry (node 22), then net revenue is more than twice that required to cover investment costs. The investment decision was made looking down the tree, taking the possibility of wet and dry outcomes into account. When realised investment returns (the revenue/cost ratio in table 
C.5) are probability weighted, this yields the expected payoffs at the time of investment (the revenue/cost ratio in table 
C.4) used to illustrate the original investment decision. The ex ante benefit–cost ratio must be at least one for investment to take place (table 
C.4). However, ex post it is possible to realise a benefit–cost ratio less than one (table 
C.5).
Table C.

 SEQ Table \* ARABIC 5
Actual investment returns (ex post)

	Year
	Node
	Desalination investment (GL)
	Investment cost ($M)a
	Scenario: final node
	Realised net revenue ($M)
	Revenue/ cost ratio
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	pt
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	2
	6
	56
	31.1
	27
	6.8
	0.22

	2
	6
	56
	31.1
	28
	31.0
	1.00

	2
	6
	56
	31.1
	29
	43.9
	1.41

	2
	6
	56
	31.1
	30
	78.1
	2.51

	3
	10
	90
	25.7
	21
	0.0
	0.00

	3
	10
	90
	25.7
	22
	55.8
	2.17

	3
	12
	82
	23.3
	25
	0.0
	0.00

	3
	12
	82
	23.3
	26
	46.7
	2.00

	3
	14
	34
	9.7
	29
	10.1
	1.04

	3
	14
	34
	9.7
	30
	32.1
	3.30


a Investment cost is truncated to account for the proportion of the asset’s life that is within the modelled timeframe.

Source: Modelling results from the simplified model.
C.4
Relevance to the larger urban water model

The analysis contained in this appendix is not feasible for a larger model. A much larger probability tree, numerous investments with varying lags and modelling of regulatory constraints makes such an exercise difficult to follow at best, and at worst, intractable. However, the concepts demonstrated are important for understanding investment decisions in real urban-water systems and continue to be relevant in a larger, more complex version of the model.
The relationships and decision-making framework exposed in this appendix continue to hold in the larger model used for the rest of this paper. Investment and supply decisions continue to be based on expected values, looking down the probability tree. Results continue to vary with future rainfall, but distortions caused by regulated pricing and restrictions further complicate the story. 






�	See box 2.2 for a description of the equivalence between these two approaches


�	Note that the transpose of the set anc is being used to look down the tree rather than up the tree.
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